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Introduction

What kind of conception should students have of constantly in-
creasing speed? This is a central research question that this study is at-
tempting to address. Beginning in the 8 grade, students are being asked to
solve Algebra and Physics problems involving constantly increasing speed.
However, this is a very complex concept. Normally one thinks about a
speed, (eg. 3 meters per second), as the motion required to go a certain dis-
tance (3 meters) in a certain interval of time (1 second). But, when speed is
always changing, a given speed defines the motion for only an instant of
time. Therefore, students need to find new ways to think about speed.
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Of course, calculus was created to deal with these complex ideas.
The problem is that calculus will not be accessible to 8" graders for at least
several years. The traditional response to this problem has been to teach 8"
graders the formulas by which they can solve problems involving increas-
ing speed, with the assumption that they will not develop meaning for these
formulas until they take calculus. However, this perpetuates the student
belief that mathematics and science is about memorization and not about
sense-making. It has been well-documented that students that memorize
procedures for solving problems often stop trying to build understanding
(Smith & Thompson, 2007). Thus, it seems important that mathematics
teachers find ways to help students develop more robust understandings of
constantly increasing speed.

In the study reported here we investigated how nine 8% graders, in
an after school algebra enrichment program, were making sense of con-
stantly increasing speed. What proved to be informative were students’ in-
teractions with their diagrams for a particular problem involving a falling
ball. Several issues emerged as being particularly difficult. This helped us
began to see the kind of conception of increasing speed that might be acces-
sible to an 8t grader.

Literature Review

In this section, I will present a review of literature pertaining to developing
a beginning understanding of increasing speed.

Quantity: During the planning for the after school program and during the
subsequent analysis, substantial consideration was given to how students
conceive of time, distance, speed and acceleration as quantities and how
they distinguish between them. Therefore, it became important to ground
ourselves in the mathematics education literature about quantity.

Thompson (1994) describes quantities as consisting of three parts: “a quality
of the object, an appropriate unit or dimension, and a process by which to
assign a numerical value to the quality” (p. 184). According to Lobato and
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Thanheiser (2002), a quantity is “an aspect of an object or situation that can
be measured” (p. 162). Olive and Caglayan (2008) describe quantity as an
ordered pair, consisting of a name and a measure. Thompson and Olive
and Caglayan agree that quantities do not exist on their own but are con-
ceptual entities that are constructed by a process of assimilations of experi-
ences that involve quantitative reasoning.

Units: The Oxford English Dictionary [Online] definition is “[a]ny determi-
nate quantity, dimension, or magnitude adopted as a basis or standard of
measurement for other quantities.” Steffe (1991) describes unitizing as the
mental operations involved in forming extensive quantities from gross
quantities. Therefore, attaching a label to a numerical value is not sufficient
evidence that unitizing has occurred. What comprises sufficient evidence of
unitizing is, a) showing recognition of the unitized quantity and b) re-
presenting the unitized quantity in “absence of the sensory-motor experi-
ences” (p. 66).

Speed: In mathematics education literature, the traditional approach has
been to develop students’ conception of speed as a rate (Thompson &
Thompson, 1994; 1996). However, students often move through some in-
termediate conceptions of speed. Piaget (1970; in Thompson, 1994) found
that children’s conception of speed is distinct from the phenomenon of mo-
tion and that it is not until students develop proportional reasoning that
they begin to see that speed is entailed by motion. Thompson and Thomp-
son (1994, 1996) found that students often think of speed as a speed-length,
where the distance traveled in a unit of time is given more status than the
time. Lobato and Thanheiser (2002) found that in the context of a race, stu-
dents “associated speed with time” (p. 170). Intermediate conceptions of
speed led Stroup (2002) to argue that “...[t]he constant speed context is too
simple to, by itself, support students’ sense-making related to differentiat-
ing and then reintegrating their understandings of the relationships be-
tween how fast and how much quantities, like slope and intercept” (p. 182).

The after school program was based on using squares of area to represent
distance traveled, with the horizontal dimension representing time and the
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vertical dimension representing speed. Nichole Oresme (14 century) is
widely acknowledged to have been the first known person to represent dis-
tance, speed and time in this way (Gravemeijer & Doorman, 1999; Stroup,
2002). Historically, ideas about constantly increasing speed began as ap-
proximations and developed into more formal mathematical ideas involv-
ing calculus. This historical evidence is used to support the argument that
the calculus curriculum should also begin with approximations and move to
more formal concepts.

Acceleration: There seems to be very little written about developing a con-
ception of increasing speed in the mathematics education literature. How-
ever, several articles from science education address the conception of ac-
celeration. Basson (2002) equates the complexity and importance of accel-
eration in physics curriculum with the complexity and importance of func-
tions in mathematics curriculum. Trowbridge and McDermott (1980, 1981)
found that many university students enrolled in introductory physics had
vague conceptions of the quantities involved in motion. These vague con-
ceptions were called “protoconcepts”. For example, students often con-
fused position and speed, as well as acceleration and speed, and also had
difficulty seeing acceleration as a ratio.

Tool and Diagram Use: Jones (2000) defines tools from a sociocultural per-
spective as “instruments of access to the knowledge, activity and practices
of a community...(that) mediate the users action — they exist between the
user and the world and transform the user’s activity upon the world” (p. 2).
Rasmussen and Marrongelle (2006) define a tool as “something the in-
formed wuser explicitly recognizes as wuseful for achieving specific
goals...includ[ing] graphs, diagrams, equations, verbal statements, gestures,
thought experiments and so on” (p. 389). Nemirovsky and Noble (1997)
point out that a physical or conceptual object is not really used as a tool un-
til some expertise or fluency with the object develops.

However, Nemirovsky, Teirney and Wright (1998) prefer to think of
tool fluency as the development of a fool perspective, so as to avoid thinking
about what happens as being a separate internal process. They explain that



LORE 7.1 Summer 2009 5

“[a]dopting a tool perspective involves emulating the tool's sensitivity to
certain aspects of motion and not to others, ascertaining conditions under
which the tool is useful, and recognizing patterns of significance in the
tool's products” (p. 125). They also explain that in adopting a tool perspec-
tive, a student develops the ability to foreground features of the tool that are
important and to background idiosyncratic features that are not important.

Representations, such as diagrams, can also function as tools (Noble,
DiMattia, Nemirovsky, & Barros, 2006). Diezmann and English (2001) ex-
plain that in order for students to use diagrams for problem solving, they
need to be diagram literate, which means knowing why a diagram can be
used for problem solving, knowing which diagram is appropriate for prob-
lem solving and knowing how to use the diagram to problem solve. A lack
of diagram literacy on a task could result in a diagram that is structurally
inadequate or that represents surface features rather than structural features
of the problem.

Methods

In this section, I will describe the participants, the instructional materials,
the instructional sessions and the data analysis that comprised this study,
which was designed and conducted within a larger 3-year National Science
Foundation funded research project, led by Principal Investigator Joanne
Lobato (SDSU). The instructional sessions were conducted at a large urban
middle school in a large southwestern U.S. city. The school was ethnically
diverse.

Participants: The students that participated in the instructional sessions
were recruited from four mathematics classes. The students, nine 8" grad-
ers, were chosen using a convenience sampling method, based on their will-
ingness to participate and their availability. Of the nine, seven were girls
and two were boys. Eight out of the nine students were Hispanic and one
was African American. It appeared that one of the girls was an English
learner, but we were not given access to the students” language designation.
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Four of the nine were taking Algebra 1 at the time of the instructional ses-
sions. The other five were taking Pre-Algebra.

Instructional Materials: The instructional materials focused on an explora-
tion of a linearly increasing speed-time graph as part of a quadratic dis-
tance-time function. This idea came from reading Rochelle, Kaput and
Stroup (1998) who wrote, “middle school students can learn to predict posi-
tion from a velocity graph by using two skills that they have already devel-
oped: counting and area multiplication. The velocity graph...is drawn
against a grid, which enables students to compute accumulated position by
counting grid squares” (p. 16). This idea held promise because it seemed to
be accessible to 8t graders.

The instructional sessions were roughly divided into two parts. The
tirst five sessions were about exploring a constant speed-time graph and
representing a unit of distance with a unit of area. The last ten sessions
were about exploring a linearly increasing speed-time graph and represent-
ing the distance travelled with a triangle-shaped area under the graph.

Instructional Session: The classes were conducted after school during the
regular school year. The author of this paper was the teacher for all fifteen
1-hour classes, which generally ran during consecutive school days. Each
meeting was held in one of the school’s math classrooms. The students
were placed in groups of three and each group was supplied a laptop com-
puter.

The meeting structure alternated between whole class discussion
and small group activities. Students were encouraged to interact with each
other in the small groups. However, they tended to work more often indi-
vidually than cooperatively. This seemed to be a result of several factors:
(a) the students were not that familiar with working cooperatively on
mathematics; (b) the mathematics were different from what they learned in
their normal math class; (c) the students felt somewhat self-conscious in a
small class with a new teacher; and (d) the activities did not always necessi-
tate cooperative learning. Nevertheless, the students were generally very
cooperative and tried to complete every task.
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The laptops were loaded with Mathworlds software (Kaput, 1997). 1
prepared “movies” of one or two characters, walking either at a constant
speed or at constantly increasing speed. Students were asked to explore, in
small groups, the various relationships between distance, time and speed.
There were also whole class discussions that occurred after students had an
opportunity to observe each other walk at constant speed and at constant
acceleration.

Data Analysis: The qualitative analysis of the interview data followed a
Grounded Theory approach (Strauss & Corbin, 1990, 1994). Several mem-
bers of the research team, including myself, began by watching interview
videos. This led us to think that the way the diagrams were being con-
structed might warrant a closer look. What emerged was that the produc-
tive interactions with diagrams, particularly by two students, and the un-
productive interactions by several other students, pointed to a way of con-
ceiving of speed in a constant acceleration context that might be both attain-
able and potentially useful.

Results and Discussion

In this section, I will present results from the post-interviews. I will present
findings in five areas: (1) types of diagrams that the students drew, (2) stu-
dents” methods for diagram construction, (3) students’ conceptions of
elapsed distances, (4) students’ reasoning about their diagrams in relation to
adopting a tool perspective, and (5) students’ connections between elapsed
distance and speed. After each set of results, I present a short discussion
about implications for the research question.

Falling Ball Task: Students were presented with a prompt about a falling
ball (see Figure 1). After students drew their pictures, the interviewer asked
them questions about their drawing and the task.
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FREE FALL

Alex drops a ball from the top of a very deep canyon.
The ball is said to be in free fall,

After 1 second the ball has traveled 2 meters.
After 2 sec, the ball has traveled a total of 8 m.
After 3 sec, the ball has traveled a total of 18 m.
After 4 sec, the ball has traveled a total of 32 m.

Draw a picture (not a graph) of the ball's journey.
Your picture should show whether or not the ball is
speeding up.

Figure 1: Prompt for Falling Ball Task.

Types of Diagrams — Results: Two types of diagrams were created by the
students: box diagrams and line diagrams. The box diagrams featured squares
arranged in columns. The leftmost column represented the first second of
time and each subsequent column to the right represented the next second
of time (see Figure 2). Six of nine students made box diagrams. Note that
this definition of a column also implies that a column represents the dis-
tance covered in a second of time. Only some of the students realized this.

The remaining three students did not draw box diagrams. Instead
they drew line diagrams, which featured a series of snap-shot pictures of a
ball falling vertically. Other contextual details of the diagram (boy drop-
ping ball, edge of cliff, motion marks) were also present to varying degrees
(see Figure 2). All three students labeled each snapshot of the ball with a
total distance and a total time.
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Figure 2. Box and line diagrams.

Method for Box Diagram Construction — Results: There were two distinct
methods that students used to construct the box diagrams. The first method
emphasized the columns. The first step of this method was to outline a col-
umn. The second step was to extend rows of the previous column to seg-
ment the new column. The second method was to draw each square indi-
vidually, putting one box on top of the next to build each column. Three
students used this method for some or all of their diagram construction (see
Figure 3).

Method for Box Diagram Construction — Discussion: As stated above, the
first method seemed to emphasize columns which may have led to seeing
the columns as composite units. This is because drawing the column first
likely created moments of focused attention (Steffe, 1991) directed at the
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column. In contrast, the second method seemed to emphasize the individ-
ual boxes. Because it did not have the same level of focused attention on an
entire column, the second method likely led to seeing individual boxes as
unitary items.

Conceptions of the Differences of Distances — Results: The mathematical
differences that emerged in this task were the differences between the total
distance covered at one time compared to the total distance covered the sec-
ond before. These differences will be referred to as elapsed distances. We
found evidence of some students conceiving of the elapsed distances nu-
merically and some conceiving of them quantitatively (Thompson, 1993).

Dina and Evelyn provided evidence of conceiving of elapsed dis-
tances as quantitative differences. For example, Dina was able to find and re-
port elapsed distances from total distance-time data. She also showed she
was able to compare elapsed distances when she said, “[t]he last second,
because, you can see the difference from the first and the fourth. It's a
twelve difference, a difference of twelve.” She also consistently reported
the elapsed distances as speeds.

Figure 3. Dina draws column first; Mariette draws one box at a time.

Two other students showed evidence that they saw the elapsed dis-
tances as numerical differences. These students, Mariette and Arianna, de-
termined elapsed distances but assigned no meaning or significance to the
values. When Mariette explained her diagram, she said, “then at the 2nd
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second, it went to eight meters, so if you take...you put six more meters and
two seconds, so that's eight altogether. Then it went eighteen, so you add
ten more. And then after thirty-two and you add however many more.”
However, she never referred to these distances at any other time in the in-
terview, even when asked about speed. Similarly, Arianna referred to the
distances in her box diagram at the beginning of the task, and not during
the rest of her interview.

Alice and Conner showed some evidence of conceiving of elapsed
distance as quantitative differences, but not at the same consistent level as
Evelyn and Dina. Alice found the elapsed distances in her drawing, but did
not report them as speeds until near the end of the task, after working with
a graph. A group of three students, Karmen, Ernie and Rita, did not show
any significant evidence of considering elapsed distances.

Conceptions of the Differences of Distances — Discussion: The comparison
of pairs, Evelyn and Dina with Mariette and Arianna, revealed a sharp con-
trast with respect to diagrams and conceptions of elapsed distance. On the
one hand, Evelyn and Dina constructed their diagrams using a method that
seemed to promote columns as a prominent feature and talked about
elapsed distances as quantities. On the other hand, Mariette and Arianna
constructed their diagrams using a method that seemed to promote indi-
vidual boxes as a prominent feature and talked about elapsed distances as
numerical differences. This contrast suggests both that 1) conceiving of
elapsed distance as a quantitative difference may be part of what motivates
outlining a column first, as if to distinguish it from the rest of the diagram
and that 2) part of what motivates drawing the boxes individually may be
seeing the elapsed distances predominantly as numerical differences.

Adopting a tool perspective — Results: Diagrams function as tools when
they help students gain access to knowledge or when they are used to
achieve specific goals. The students in this study seemed to be using dia-
grams to access knowledge to varying degrees of effectiveness. Three char-
acteristics of adopting a tool perspective are outlined by Nemirovsky et al.
(1998): (a) emulating the tool’s sensitivity to certain aspects of motion; (b)
recognizing patterns of significance in the tool’s products; and (c) fore-
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grounding important features of the tool, while backgrounding superficial
or unimportant features.

All six students who drew box drawings found elapsed distances,
even though some conceived of them as numerical values only. In contrast,
none of the students that drew line diagrams found elapsed distances.
Thus, the students who drew box diagrams appeared to be showing greater
sensitivity to the motion of the ball.

The students that drew box diagrams showed evidence of the sec-
ond characteristic of adopting a tool perspective: they recognized patterns
in their diagrams. The pattern that they recognized was the value of the
acceleration. For example, Arianna said, “The 4 right here, it keeps going
up by 4” [points]. By recognizing the value of the acceleration, students
showed that they were recognizing patterns that were produced by the box
diagram tool. All six students who drew box diagrams recognized this pat-
tern, even though not all used the same units. In contrast, none of the stu-
dents that drew line diagrams recognized the value of the acceleration.

An important feature of the box diagram is that a high level of spa-
tial structuring can be used to draw the diagram. As stated earlier, Battista
et al. (1998) suggest that a high level of spatial structuring of rectangular
arrays means row and column alignment. Consistent use of hash marks is
also a sign of spatial structuring. Evelyn and Dina showed more evidence
of recognizing this important feature of their diagrams, because they
showed the most consistent row and column alignment. In contrast, Alice’s
first diagram contained rows that did not align (see Figure 3).

Rita showed a lack of awareness by assigning undue prominence to
a superficial feature of her diagram. For example, when asked if there was
something in her drawing that indicated where the ball was going the fast-
est she said, “This thingee falling off the ball...yes, it's so fast”. Here she
relies on the motion marks coming off the lowest ball as the indication that
it is going the fastest, instead of relying on the data.
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Rows mis-
aligned

Figure 3. (a) Alice misaligns rows (b) Alice doesn’t notice tic marks.

Adopting a tool perspective — Discussion: It appears that the students who
drew box diagrams were adopting a tool perspective to a greater degree
than the students who drew line diagrams. Presumably, this is because of
the many opportunities the students had during the instructional session to
become fluent users of the box diagram.

The students that drew box diagrams also seemed to vary in the de-
gree to which they adopted a tool perspective. In fact, how the students
varied on adopting a tool perspective accorded with how they varied re-
garding their diagram construction method and their conception of differ-
ences. Evelyn and Dina, who were the most consistent in outlining the col-
umns of their diagrams first and in showing that they conceived of elapsed
distances as quantitative differences, also seemed to show the highest de-
gree of adopting a tool perspective. Mariette and Arianna, who drew their
diagrams with individual boxes and who showed evidence of conceiving of
elapsed distances as numerical differences, appeared to show the lowest
degree of adopting a tool perspective of the students that drew box dia-
grams. It should be noted that the evidence presented above does not im-
ply that line diagrams could not be effectively used as tools.

Synthesis of Results

The central question that this study is trying to address is what kind of con-
ception should students have of constantly increasing speed? As previously
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stated, conceiving of constantly changing speed as a ratio may be initially
confusing for 8" grade students because the ratio keeps changing and be-
cause students may not yet even have a clear understanding of constant
speed.

In this section, I shall cohere the ideas from the short discussions
that followed each set of results. I shall outline how the various results pre-
sented above point to a conception of constantly changing speed that was
attainable for two of the participants and that, I feel, may be useful as a be-
ginning conception.

Conception of constantly changing speed: It became apparent during the
analysis of the results that Evelyn and Dina were providing more produc-
tive responses than the other students. During their interaction with their
diagrams, Evelyn and Dina showed a similarity that, I believe, served as the
linchpin for their understanding of the falling ball task: they both showed
evidence that they were conceiving of elapsed distances as quantitative dif-
ferences.

There are three reasons why I believe this to be at the center of their
understanding. The first reason is that conceiving of elapsed distances as
quantitative differences could have been what was motivating Evelyn and
Dina to outline columns in their box diagram first. The second reason is
that conceiving of elapsed distances as quantities may have been what fos-
tered a more developed tool perspective. Even within the group of students
who drew box diagrams, Evelyn and Dina were more fluent tool users. The
third reason is that it may have enabled Evelyn and Dina to make the con-
nection between distances traveled in one second and speeds, something
the other students were not able to do. Perhaps not conceiving of elapsed
distance as a quantity was what prevented these other students from con-
necting it to speed and/or perhaps conceiving of elapsed distance as a quan-
tity is what enabled Evelyn and Dina to make the connection between dis-
tance traveled in one second and speed.

Based on these results and inferences about Evelyn and Dina, I
would like to propose that a useful beginning conception of speed, when
the speed is constantly increasing (or decreasing), that seems to be accessi-
ble to 8" graders, would be speed as elapsed distance in a given time. This
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conception of speed postpones the need to find instantaneous speeds and
allows students to reflect on imaginable quantities rather than infinitesimal
ones. As stated earlier, Piaget (1970; in Thompson, 1994) found that an in-
termediate conception of speed existed before proportional reasoning de-
veloped. Perhaps, an intermediate conception of increasing (or decreasing)
speed could also exist prior to the student developing the necessary under-
standing of calculus with respect to constantly changing speed. As the data
has seemingly shown, this conception of speed appears to provide a core of
understanding that allows students to reason quantitatively about speeding
up. This conception of speed also fits with Gravemeijer and Doorman’s
(1999) suggestion to begin with approximations and move toward more
formalized mathematics.

Of course, elapsed distance in a given time is nothing more (or less)
than average speed. However, what I am trying to emphasize here is that
students need to come to see the part of average speed that is the elapsed
distance as a quantitative difference. It seems that calling speed an average,
or thinking about it as an average, may complicate the quantitative aspect of
the elapsed distance for students who are just beginning to think about con-
stantly increasing speed.

Some may think that speed as elapsed distance in a given time may
create a similar misconception to that which Thompson (1994) labeled
“speed-length”. Some of the students in this study were even referring to
speed with meters as units. One might ask, “How could a productive con-
ception of speed have such a strong emphasis on distance?” I would agree
that deemphasizing time would be unproductive. That is why the composi-
tion of the column as a composite unit became such an important visual fea-
ture of the box diagrams. It gave salience to time (even when the students
referred to the units of speed as “meters”). Therefore, if one were to use this
proposed conception of speed with another approach to explore increasing
speed, I would recommend that some effective method be found for ensur-
ing that time was receiving equal emphasis.
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Summary

The goal was to study students’ initial conceptions of constant acceleration.
This seems to be under-addressed in both the mathematics and science edu-
cation literature, in spite of acceleration being a prominent topic in high
school Physics and Algebra. However, it became clear in the early stages of
analysis that this was a bigger task than anticipated. What became the more
immediate issue was that pertaining to what conception of increasing speed
students should have if they were not yet ready for conceiving instantane-
ous changes in speed.

The diagrams that students drew for the falling ball task became a
primary focus for analysis because there were distinctly different ways that
students were interacting with their diagrams. These different ways of in-
teracting (constructing, talking, noticing, etc.) reflected different conceptions
of elapsed distance. It became apparent that the students who were con-
ceiving of elapsed distances as quantitative differences were providing con-
sistent evidence of a more sophisticated understanding of the data than the
other students. The conclusion from these results is that conceiving speed
as elapsed distance in a given amount of time may be a productive way to
conceive of speed in contexts where an object has constant acceleration, par-
ticularly if students have only recently begun to learn about constant accel-
eration and quadratic functions.
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